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Discrete-time quantum walks are known to exhibit exotic topological states and phases. Physical
realization of quantum walks in a noisy environment may destroy these phases. We investigate
the behavior of topological states in quantum walks in the presence of a lossy environment. The
environmental effects in the quantum walk dynamics are addressed using the non-Hermitian Hamil-
tonian approach. We show that the topological phases of the quantum walks are robust against
moderate losses. The topological order in one-dimensional split-step quantum walk persists as long
as the Hamiltonian is PT -symmetric. Although the topological nature persists in two-dimensional
quantum walks as well, the PT -symmetry has no role to play there. Furthermore, we observe the
noise-induced topological phase transition in two-dimensional quantum walks.
I. INTRODUCTION
Quantum walks are the quantum analog of classical
random walks [1–5] where a quantum walker propagates
on a lattice and the direction of propagation is condi-
tioned over the state of its coin. Due to the quantum
nature of the walker and the coin, the position state of
the walker is a superposition of multiple lattice sites.
This provides a quadratically fast spread of the walker
over the lattice as compared to its classical counterpart
[2]. Quantum walks, continuous-time as well as discrete-
time, are important in various fields including universal
quantum computation [6–8], quantum search algorithms
[9–12], quantum simulations [13], quantum state transfer
[14] and simulation of physical systems [15–17]. Quan-
tum walks have been used in other branches of science
as well, such as in biology to study the energy transfer
in photosynthesis [18]. They have also been proved as a
promising candidate to simulate the decoherence [19, 20]
and to implement generalized measurements (POVM)
[21].
Quantum walks have started gaining popularity among
condensed matter physicists since the last decade be-
cause one can simulate exotic topological phases using
one (1D) and two-dimensional (2D) discrete-time quan-
tum walk (DTQW) [22–25]. As a consequence, people
have been able to establish the bulk-boundary correspon-
dence for 1D periodic systems [26, 27]. These versatilities
of quantum walks make them a prime candidate for fault-
tolerant topological quantum computation and quantum
simulations.
Quantum walks have been implemented on a variety
of systems, such as; trapped ions/atoms [28–31], optical
systems [32–37], NMR [38, 39], Bose-Einstein condensate
[40], etc. However, no quantum system is without losses,
due to which implementation of quantum algorithms as
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well as the observation of exotic topological phases have
always been difficult. In this article, we study the effect of
losses on the topological phases arising in quantum walk
systems. A system along with losses effectively renders
the quantum walk dynamics non-unitary. We treat this
non-unitary evolution using the non-Hermitian Hamilto-
nian approach [41, 42]. We establish that for a 1D split-
step quantum walk (SSQW), the topological phases per-
sist as long as the spectrum of the non-Hermitian Hamil-
tonian is real. In other words, as long as the underlying
non-Hermitian Hamiltonian is PT -symmetric [41], the
topological phase is preserved.
2D quantum walks have a more complex structure. In
this case, too, we observe the persistence of the topo-
logical phases. However, PT symmetry is absent in 2D
DTQW upon introducing the noise. This is because
quasi-energies in the case of two dimensional are complex
even for a very small value of the scaling factor. Further-
more, noise-induced phase transition can be observed in
these 2D DTQWs.
Non-Hermitian quantum walk has been studied theo-
retically [43] as well as experimentally [34]. The exis-
tence of topological edge states [44], topological transi-
tion [45–47] as well as the correspondence between bulk
and boundary in non-Hermitian quantum walks have also
been established [48]. In [49], the authors have intro-
duced the non-hermiticity by making partial measure-
ments on the internal states of the walker and showed
the robustness of the topological phases against the dis-
order. The same model was extended to study higher
winding numbers [50]. We use a different model to intro-
duce non-Hermiticity and establish the persistent nature
of topological phases in these systems. We show that the
topological nature of the underlying Hamiltonian does
not change in the noisy environment within certain lim-
its. In the case of a 2D quantum walk, another interesting
point is the noise-induced topological phase transition,
which is absent in the 1D case.
The article is organized as follows: In Sec. II, we dis-
cuss the topics which are relevant for the understanding
of our results. Sec. III contains our results on the effect
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2of the losses on the topological nature of quantum walks.
Here, we discuss the 1D SSQW and 2D quantum walks
and show the persistence of topological phases in noisy
environment. We conclude in Sec. IV.
II. BACKGROUND
In this section, we introduce the topics which are rele-
vant to understand our results. We start with 1D and 2D
unitary as well as non-unitary DTQWs. Specifically, we
discuss the 1D DTQW, 1D SSQW and 2D DTQW and
the topological classes arising in these systems. Methods
to characterize the topological phases are also discussed
in this section.
A. 1D DTQW
DTQW of a quantum walker over a one-dimensional
lattice consists of a conditional shift operator T and a
coin flip operator R(θ) for a real parameter θ. In position
basis {|n〉} ∈ Hpos and spin basis {|↑〉 , |↓〉}, the operator
U(θ) = TR(θ) governs the time evolution of the walker
for a unit time on the lattice. Here
T =
∑
n
|↑〉 〈↑| ⊗ |n+ 1〉 〈n|+ |↓〉 〈↓| ⊗ |n− 1〉 〈n| , (1)
R(θ) = e−iθσy/2 ⊗ 1, (2)
and −2pi ≤ θ < 2pi is a real parameter and σy is the
Pauli matrix along y-axis. Here, 1 represents the iden-
tity operation on the lattice. The operator U(θ) can be
expressed in terms of the underlying Hamiltonian H(θ)
as U(θ) = e−iH(θ) [22]. For simplicity, we have assumed
~ = 1 and the periodic boundary condition with N num-
ber of lattice sites. Since the unitary operator U(θ) and
the Hamiltonian are translation invariant, the (quasi)
momentum eigenbasis {|k〉} are also the energy eigen-
states. These states are defined as
|n〉 = 1√
N
∑
k
ωkn |k〉 , ω = ei2pi/N ,
with −N/2 ≤ k ≤ N/2 being the quasi-momentum.
The Hamiltonian H(θ) in the quasi-momentum space
reads [22]
H(θ) =
∑
k
[Eθ(k)nθ(k) · σ]⊗ |k〉〈k| , (3)
where the energy Eθ(k) and the unit Bloch vector nθ(k)
read cosEθ(k) = cos(θ/2) cos k, and
nθ(k) =
(sin(θ/2) sin k, sin(θ/2) cos k,− cos(θ/2) sin k)
sinEθ(k)
(4)
B. 1D SSQW
A more enriched class of 1D DTQW is SSQW, which
involves splitting the conditional shift operator T into
left-shift (T↓) and right-shift (T↑) operators, separated
by an additional coin toss R(θ2) [22]. The resultant time
evolution operator for split-step quantum walks (in one-
dimension) reads
U
SS
(θ1, θ2) = T↓R(θ2)T↑R(θ1), (5)
where
T↓ =
∑
|↑〉 〈↑| ⊗ 1+ |↓〉 〈↓| ⊗ |n− 1〉 〈n| ,
T↑ =
∑
|↑〉 〈↑| ⊗ |n+ 1〉 〈n|+ |↓〉 〈↓| ⊗ 1.
In this case, the effective Hamiltonian HSS(θ1, θ2) can be
written down in quasi-momentum space as
H
SS
(θ1, θ2) =
∑
k
[Eθ1,θ2(k)nθ1,θ2(k) · σ]⊗ |k〉〈k| . (6)
The energy and the components of the Bloch vector are
given by
cosEθ1,θ2(k) = cos(θ1/2) cos(θ2/2) cos k
− sin(θ1/2) sin(θ2/2), (7)
and nθ1,θ2(k) = nx(k)ˆi + ny(k)ˆj + nz(k)kˆ with
nx(k) =
sin(θ1/2) cos(θ2/2) sin k
sinEθ1,θ2(k)
,
ny(k) =
cos(θ1/2) sin(θ2/2) + sin(θ1/2) cos(θ2/2) cos k
sinEθ1,θ2(k)
,
nz(k) =
− cos(θ1/2) cos(θ2/2) sin k
sinEθ1,θ2(k)
. (8)
Even though 1D SSQW seems complicated when it comes
to implementation, it is not much different from ordinary
1D DTQW; 1D SSQW can be decomposed in two steps
of ordinary 1D DTQW [46]. If we consider the SSQW
only on the even lattice sites, i.e., instead of hopping
on neighboring lattice sites, if the walker hops on next
nearest neighbors then the 1D SSQW is equivalent to a
quantum walker performing ordinary 1D DTQW, with
alternate coin operations on each step. Therefore, the
1D SSQW time evolution operator can be written as
USS(θ1, θ2) = U(θ2)U(θ1). (9)
C. 2D DTQW
There are several ways of defining a 2D DTQW in a
lattice. For our purpose we introduce the one in which
we have a square lattice and a two-dimensional coin [22].
This DTQW consists of two conditional translations in
3FIG. 1. (Color online) 2D DTQW with nontrivial topology
on a triangular lattice and its equivalent square lattice.
two directions accompanied by rotation of the coin. The
time evolution operator of 2D DTQW can be written as
U
2D
(θ1, θ2) = TyR(θ2)TxR(θ1), (10)
where Tx and Ty are the translation operators, which
translate the particle in x and y directions, respectively.
We can also define, 2D DTQW on a triangular lattice
which consists of three spin dependent translations sep-
arated by coin-slip operations. In that case, the unitary
operator which governs the time evolution is written as
U˜
2D
(θ1, θ2) = TxyR(θ1)TyR(θ2)TxR(θ1), (11)
where Ti(i = x, y, xy) are the translations along si di-
rections with Txy = TxTy, as shown in the Fig. 1. We
can derive another two-dimensional quantum walk which
is unitarily equivalent to U˜
2D
(θ1, θ2) as U˜2D → U2D =
T †xU˜2DTx. The resulting time evolution unitary operator
can be written as
U
2D
(θ1, θ2) = TyR(θ1)TyR(θ2)TxR(θ1)Tx. (12)
The underlying Hamiltonian for this quantum walk (in
quasi-momentum space) reads
H
2D
(θ1, θ2) =
∑
kx,ky
E(kx, ky)nˆ(kx, ky)·σ⊗|kx, ky〉〈kx, ky| ,
(13)
where the expression of quasi-energy reads
cosE(kx, ky) = cos θ1 cos(θ2/2) cos
2(kx + ky)
− sin θ1 sin(θ2/2) cos(kx + ky) cos(kx − ky)
− cos(θ2/2) sin2(kx + ky), (14)
and the Bloch vector reads [22]
nˆ(kx, ky) =
nx(kx, ky )ˆi + ny(kx, ky )ˆj + nz(kx, ky)kˆ
sinE(kx, ky)
,
(15)
with
nx(kx, ky) =− sin θ1 cos(θ2/2) cos(kx + ky) sin(kx − ky)
− cos2 θ1 sin(θ2/2) sin 2(kx − ky),
ny(kx, ky) = sin θ1 cos(θ2/2) cos(kx + ky) cos(kx − ky)
+ cos θ1 cos
2(kx − ky) sin(θ2/2)
− sin2(kx − ky) sin(θ2/2),
nz(kx, ky) =− cos2(θ1/2) cos(θ2/2) sin 2(kx + ky)
+ sin θ1 sin(θ2/2) sin(kx + ky) cos(kx − ky).
(16)
The purpose of writing the evolution for 2D DTQW as
(12) is that now it can be decomposed as two 1D SSQW
in two different directions, i.e., [46]
U
2D
(θ1, θ2) = U
y
SS
(θ1, 0)U
x
SS
(θ1, θ2), (17)
where U i
SS
is the time-evolution operator of 1D SSQW
(5).
D. Characterizing Topological Phases
Topological phase or topological order is defined as
the ground state degeneracy in a quantum system due
to the topological properties of the parameter space.
The topological nature of these phases make them ro-
bust against local perturbations. Topologically ordered
states (topological phases) possess non-Abelian geomet-
ric phases which are quantized. Tuning the parameters
of the Hamiltonian may result in the system going from
one topological phase to another as a result of topological
phase transition, without breaking the underlying sym-
metry of the Hamiltonian.
Topological phases can be characterized and classified
into various classes using different parameters. In 1D sys-
tems, winding number is the topological invariant that
characterizes the topological phase. For a given Hamil-
tonian H =
⊕
kH(k), the winding number Wm for the
mth band is defined as
Wm =
1
pi
∫
Γ
Am(k)dk, (18)
where Am is the Berry connection given as [51]
Am(k) = −i 〈ψm(k)| ∂
∂k
|ψm(k)〉 . (19)
Here, |ψm(k)〉 is the mth eigenstate of H(k) for the para-
metric value k. Geometrically, the winding number Wm
represents the number of times the Bloch vector n cor-
responding to the state |ψm(k)〉 goes around the origin
in the counter-clockwise direction as k runs over the first
Brillouin Zone. In two or higher dimensional systems,
Chern number [52] is one of the topological invariant
which is used and defined as
Cm =
1
2pi
∮
S
Fmd2k, (20)
for Fm = ∇ × Am and the integration is over the
closed surface in two-dimensions (two-dimensional Bril-
louin zone). Here, A is the Berry curvature.
Quantum walk Hamiltonian possesses rich topological
structure. For example, the Hamiltonian H
SS
(θ1, θ2) (6)
corresponding to 1D SSQW with parameters θ1 and θ2
exhibits two different topological phases characterized by
the winding number W = 0 and W = 1, as shown in
Fig. 2(a). In Fig. 2(b), we plot the topological phases
with Chern number C = 0,±1 exhibited by the Hamil-
tonian H
2D
(13) for 2D DTQW.
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FIG. 2. (Color online) (a) Different topological phases real-
ized in 1D SSQW as a function of θ1 and θ2. Here, black and
red lines represent closing of energy band at k = 0 and k = pi,
respectively, and solid and dotted lines demonstrate the clos-
ing at E = 0 and E = pi, respectively. (b) Topological phases
which exist in 2D DTQW for different values of θ1 and θ2.
Here, blue and black lines show the closing of energy gap at
E = 0 and E = pi, respectively. The yellow, violet and white
regions correspond to C = +1,−1 and 0, respectively.
E. Non-unitary Quantum Walk
Quantum walk dynamics is inherently unitary, hence,
unlike classical random walks there is no randomness in
the quantum walks. However, limitations in physical
implementation and the environmental effects can cause
losses which can cause the dynamics to deviate from uni-
tary nature.
In general, one can extend 1D SSQW to non-unitary
quantum walk by introducing a scaling operator G [43],
with tunable parameters in the dynamics. The resulting
time evolution operator for non-unitary quantum walk
can be written as
U
NU
SS
= T↓G2R(θ2)T↑G1R(θ1), (21)
with
Gi =
∑
n
(
gi,↑(n) 0
0 gi,↓(n)
)
⊗ |n〉〈n| . (22)
If gi,↑, gi,↓ 6= 1 then Gi as well as U become nonuni-
tary. For simplicity, we consider the case of homogeneous
quantum walk, where all the gi(n) are independent of n
and the scaling operator is written as
G2 = G
−1
1 = Gδ =
(
eδ 0
0 e−δ
)
⊗ 1. (23)
The above choice of operators is motivated by the exper-
imental setup used in [34]. The factor δ is known as the
loss and gain factor as the operator G results in increas-
ing (decreasing) the amplitude of spin-up (down). The
time evolution operator for non-unitary quantum walk
becomes
U
NU
SS
= T↓GδR(θ2)T↑G−1δ R(θ1). (24)
This particular choice of the scaling operator leaves
the translational symmetry of the quantum walk intact.
Hence, the dynamical operator can be block-diagonalized
in the momentum basis as
U
NU
SS
=
∑
k
U˜
NU
SS
(k)⊗ |k〉〈k| , (25)
where
U˜
NU
SS
(k) = T↓(k)GδR(θ2)T↑(k)G−1δ R(θ1), (26)
with T↓(k) = eik(σz+1)/2, T↑(k) = eik(σz−1)/2 and it acts
only on the coin part. The corresponding generator or
an effective Hamiltonian H
NU
(θ1, θ2, δ) reads
H
NU
(θ1, θ2, δ) =
⊕
k
E(k) nˆ(k) · σ, (27)
with quasi-energy
cosE(k) = cos
θ1
2
cos
θ2
2
cos k − sin θ1
2
sin
θ2
2
cosh 2δ,
(28)
and nˆ = nx(k)ˆi + ny(k)ˆj + nz(k)kˆ with
nx(k) =
sin θ12 cos
θ2
2 sin k − i cos θ12 sin θ22 sinh 2δ
sinE(k)
,
ny(k) =
sin θ12 cos
θ2
2 cos k + cos
θ1
2 sin
θ2
2 cosh 2δ
sinE(k)
,
nz(k) =
− cos θ12 cos θ22 sin k − i sin θ12 sin θ22 sinh 2δ
sinE(k)
.
(29)
Note that, for δ 6= 1, G and U are no longer unitary oper-
ators and the norm of the state in the evolution may not
be preserved. Consequently, H
NU
(θ1, θ2, δ) is not Hermi-
tian but still we have a real spectrum up to a certain
critical value of δ which is given by
δc =
1
2
cosh−1
[
cos θ1/2 cos θ2/2 cos k − cosE
sin θ1/2 sin θ2/2
]
, (30)
for which the band gap closes. Note, that the argument
of cosh−1 in above equation becomes negative when θ1
and θ2 have the same sign which results in complex δc.
So we consider a complex δ given by
δ = γ + iφ. (31)
We observe that the negative argument of cosh−1 results
in φc = pi/2. We restrict ourselves to the case when δc is
real and refer γ as the scaling factor. The point γc, given
by
γc =
1
2
cosh−1
[
cos θ1/2 cos θ2/2 cos k − cosE
sin θ1/2 sin θ2/2
]
(32)
is the point where the PT -symmetry of the system breaks
spontaneously (also known as the exceptional point [53]),
and we will have complex energies for γ > γc.
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FIG. 3. (Color online) Winding number for lower energy band W− as a function of γ and θ2, and (a) θ1 = −pi/2 (b) θ1 = −3pi/4
(c) θ1 = −pi. The system size is taken to be N = 100. The red and black lines in all of the panels represent γc for (k,E) = (0, 0)
and (k,E) = (pi, 0), respectively.
III. RESULTS
In this section, we study the behavior of the topologi-
cal phases in 1D SSQW and 2D DTQW by introducing
a nonzero scaling factor γ which, essentially, makes the
system non-Hermitian. In 1D SSQW, we find that the
topological phases are unaffected even when the system is
non-Hermitian (i.e., γ 6= 0), as far as the system possesses
a real spectrum following the PT -symmetry. However,
the topological nature of the system vanishes asymptot-
ically as we cross the exceptional point γc, which means
the winding number W decays asymptotically for γ > γc.
We observe the persistence of the Chern number C in 2D
DTQW as well until the scaling factor γ reaches a critical
value. However, unlike the 1D case, we cannot associate
any symmetry breaking with the point where the topo-
logical phase transition happens due to the absence of
the symmetry in 2D DTQW. Furthermore, we observe
the noise induced topological phase transition.
A. Topological phases in 1D non-unitary quantum
walk
We start our analysis with non-unitary 1D SSQW, with
the associated non-Hermitian Hamiltonian H
NU
(θ1, θ2, γ)
being given by (27). Since, the Hamiltonian is traceless
for all values of γ, the corresponding eigenvalues will al-
ways be of the form of ±E(k). For each momentum k,
we compute the energy eigenstates |ψ±(k)〉 correspond-
ing to energies ±E(k) and, we call the set {|ψ−(k)〉} and
{|ψ+(k)〉} as the lower and upper energy bands, respec-
tively. Using the expression for the winding number W
from (18), we calculate the winding numbers for the lower
and upper bands and we name them as W− and W+, re-
spectively.
Since, the eigenstates and eigenvalues depend on γ, θ1
and θ2, the winding numbers are also expected to depend
upon these parameter. In Fig. 3, we plot the winding
number for the lower band W− as a function of γ and θ2
for different values of θ1. In all figures, we notice that
for γ = 0, the winding number can take two different
values, zero and one, depending on the choice of θ1 and
θ2. Focusing on the case of W− = 1 for a vanishing γ, we
observe that for a given (θ1, θ2) if we increase the value
of γ, the winding number remains unaffected until we ap-
proach the critical value of γ, i.e., γc (32). Crossing the
γc causes a phase transition and the value of the winding
number starts decreasing and approaches zero asymptot-
ically. Whereas, if initially the winding number W− = 0,
it remains zero until we approach γc, and then it starts to
increase momentarily approaching some maximum value
and then deteriorates to zero asymptotically.
By definition, the winding number is an integer quan-
tity. In other words, the geometric phase acquired by the
eigenstates of the Hamiltonian in the k-space is quantized
and is a multiple of pi, which is possible only when all the
states in an energy band lie on a geodesic in the Bloch
sphere. The winding number must always be an integer
for all the Hermitian Hamiltonians. However, as a mat-
ter of fact, W can take non-integer values for 1D SSQW
in PT -symmetry broken region. This can be explained
by observing the behaviour of the eigenstates of the non-
Hermitian Hamiltonian. In Fig. 4, we plot the Bloch vec-
tors corresponding to the eigenstates |ψ(k)〉 of the Hamil-
tonian HNU(θ1, θ2, γ) on the Bloch sphere. Figs. 4(a) and
4(b) are for γ ≤ γc whereas Figs. 4(c) and 4(d) are for
γ > γc. We can clearly see that in the unbroken PT -
symmetric region, the eigenstates lie in a plane and re-
sults in integer value of the winding number, whereas in
the PT -symmetry broken region the eigenvectors trace a
path which does not lie on a great circle. Hence geometric
phase is not a multiple of pi.
In summary, we have shown that the topological phase
in 1D SSQW remains invariant as long as the energy
eigenvalues are real, even though the Hamiltonian is not
Hermitian, i.e., the topological order persists as long as
the Hamiltonians are PT symmetric. Next we extend
6(a) (b) (c) (d)
FIG. 4. (Color online) Winding of the Bloch vector around the origin with the lattice size, N = 100 (a) θ1 = −3pi/8, θ2 =
pi/8, γ = 0.25 (b) θ1 = −3pi/8, θ2 = 5pi/8, γ = 0.25 (c) θ1 = −3pi/8, θ2 = pi/8, γ = 1.8 (d) θ1 = −3pi/8, θ2 = pi/8, γ = 3.0.
our study to the case of 2D DTQW.
B. Topological phases in 2D non-unitary quantum
walk
Since, 2D DTQW can be decomposed as a product
of two 1D SSQW, we can easily extend 2D DTQW to
non-unitary limits by introducing the scaling operator
G along one axis only (say x-axis). The time evolution
operator can be written as
U
NU
2D
(θ1, θ2, γ) = TyR(θ1)TyR(θ2)GγTxR(θ1)G
−1
γ Tx.
(33)
The corresponding non-Hermitian Hamiltonian of this
system reads
H
NU
2D
(θ1, θ2, γ) =
⊕
kx,ky
E(kx, ky, γ)n(kx, ky, γ) · σ, (34)
where
cosE(kx, ky, γ)
= cos θ1 cos θ2/2 cos(kx + ky − iγ) cos(kx + ky + iγ)
− cos θ2/2 sin(kx + ky − iγ) sin(kx + ky + iγ)
− sin θ1 sin θ2/2 cos(kx − ky − iγ) cos(kx + ky + iγ),
(35)
and
nˆ(kx, ky) =
nx(kx, ky )ˆi + ny(kx, ky )ˆj + nz(kx, ky)kˆ
sinE(kx, ky)
,
(36)
with
nx(kx, ky) =
− sin θ1 cos(θ2/2) cos(kx + ky − iγ) sin(kx − ky + iγ)
− cos θ1 sin(θ2/2) cos(kx − ky − iγ) sin(kx − ky + iγ)
− sin(θ2/2) sin(kx − ky − iγ) cos(kx − ky + iγ),
ny(kx, ky) =
sin θ1 cos(θ2/2) cos(kx + ky − iγ) cos(kx − ky + iγ)
+ cos θ1 sin(θ2/2) cos(kx − ky − iγ) cos(kx − ky + iγ)
− sin(θ2/2) sin(kx − ky − iγ) sin(kx − ky + iγ),
nz(kx, ky) =
− cos θ1 cos(θ2/2) cos(kx + ky − iγ) sin(kx + ky + iγ)
− cos(θ2/2) sin(kx + ky − iγ) cos(kx + ky + iγ)
+ sin θ1 sin(θ2/2) cos(kx − ky − iγ) sin(kx + ky + iγ).
The 2D DTQW is different from the 1D SSQW as in
the former case, energy eigenvlues become complex even
for a very small values of γ. Therefore, 2D DTQW does
not support PT -symmetry even for very small values of
scaling factor. For γ << 1 the expression for the energy
reads
cosE(γ) = cosE(γ = 0) + iγ sin θ1 sin θ2/2 sin(2ky)
(37)
which makes the quasi-energy complex for infinitesimal
scaling parameter γ. It shows the absence of PT -
symmetry in 2D DTQW.
Similar to the case of 1D SSQW, in 2D quantum walks
also the energy eigenvalues appear in pairs ±E(kx, ky, γ)
resulting in two energy bands. Introducing loss and gain
(scaling factor γ) in x-direction results in complex pairs
of energy eigenvalues. We can choose the lower energy
state by looking at the sign of the real part of the energy
eigenstate and calculate the Chern number.
We use (20) to calculate the Chern number for the
lower energy band and plot it against γ and θ2 for some
fixed values of θ1 (Fig. 5). Despite the absence of PT -
symmetry, we see the persistence of the topological phase
as we turn on the scaling γ 6= 0. In other words, the sys-
tem remains in the same topological phase as we intro-
duce loss and gain factors. In 2D DTQW we observe an-
7(a) (b) (c)
FIG. 5. (Color online) Effect of γ on Chern number is plotted with varying θ2 for (a) θ1 = pi/4 (b) θ1 = 3pi/8 (c) θ1 = 3pi/2.
The system size is taken to be 50.
other interesting feature, namely, for some particular val-
ues of θ1 and θ2, the Chern number can change abruptly
from one integer value to another, resulting to a non-
trivial topological phase transition. This is a noise in-
duced topological phase transition. Furthermore, unlike
the 1D SSQW the Chern number in 2D DTQW changes
abruptly and for sufficiently large values of γ the Chern
number for all the parameters becomes zero.
IV. CONCLUSION
We have studied the effect of a lossy environment
on the topological properties of discrete-time quantum
walks. Specifically, we have studied the 1D SSQW and
2D DTQW and observed the persistence of topological
phases against noise in these systems. The noise is incor-
porated using the non-Hermitian Hamiltonian approach,
where we include a scaling parameter γ which charac-
terizes the non-Hermiticity. We find a strong correspon-
dence between the spontaneous PT -symmetry breaking
and the loss of topological order in 1D SSQW, i.e, the
system retains its topological order for any value of γ,
as long as the system is PT -symmetric. Due to the ab-
sence of PT -symmetry in 2D DTQW upon introducing
the noise, we do not observe such correspondence in these
systems. However, we observe noise-induced topological
phase transition where we see that increasing the scaling
parameter γ may transfer the system from one non-trivial
topological phase to another. Our results confirm the ro-
bustness of the topological properties of DTQWs and the
role of noise in a topological phase transition.
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